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RATIONAL HOMOTOPY GROUPS OF GENERALISED
SYMMETRIC SPACES
S. TERZIC´
Abstract. We obtain explicit formulas for the rational homo-
topy groups of generalised symmetric spaces, i.e., the homogeneous
spaces for which the isotropy subgroup appears as the fixed point
group of some finite order automorphism of the group. In partic-
ular, this gives explicit formulas for the rational homotopy groups
of all classical compact symmetric spaces.
1. Introduction
In this paper we consider the problem of calculating the rational
homotopy groups of homogeneous spaces G/H , where G is a compact
connected semisimple Lie group, andH is a closed connected subgroup.
As a main result, we give explicit formulas for the rational homotopy
groups in the case when H is the fixed point subgroup of some finite
order automorphism of G. We call such homogeneous spaces gener-
alised symmetric spaces, and, obviously, they contain the symmetric
spaces. In some places in the literature these spaces are known as k -
symmetric spaces.
The problem of computing rational homotopy groups was theoret-
ically solved in the 1970’s by Sullivan’s minimal model theory [22].
One of the results of this theory is that to each connected commuta-
tive graded differential algebra (A, dA) one can assign minimal model
(uniquely up to isomorphism), i.e., a free commutative graded differ-
ential algebra (µA, d) with decomposable coboundaries which is quasi-
isomorphic to the algebra (A, dA). In particular to each smooth mani-
fold M , one can assign a minimal model. In the case when M is a ho-
motopy simple manifold of a finite type its minimal model completely
classifies its rational homotopy type. Under the same assumptions on
M , the minimal model contains complete information on the rational
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homotopy groups of the manifold [2], [13]. More precisely, the degrees
and multiplicities of its generators determine the non-trivial rational
homotopy groups of M .
Nevertheless, the computation of rational homotopy groups remains
quite a difficult problem in general.
There are still very few homogeneous spaces for which all rational
homotopy groups are known. Among them are those spaces with free
cohomology algebras to which the Cartan-Serre theorem can be applied
directly. Examples of these are the semisimple Lie groups and the
spheres of odd dimensions. The cohomology rings of the spheres of
even dimension and of the complex projective spaces are not free, but
they have quite simple real cohomology algebras and the application
of Sullivan’s minimal model theory immediately gives their rational
homotopy groups [22].
Further examples are the homogeneous spaces G/S, where S is a
torus in a semisimple Lie group G. Their rational homotopy groups
can be immediately obtained by applying the above results to the exact
homotopy sequence of the corresponding fibration.
The main difficulties in the application of Sullivan’s minimal model
theory are in connection with the explicit construction of the minimal
model of certain connected commutative graded differential algebras.
This problem is solved in the case when (A, dA) is a free simply
connected commutative graded differential algebra. Namely, for such
an algebra, Sullivan’s minimal model theory gives a method which
says that the generators of its minimal model (which in general are
not canonical) correspond to those generators of A whose differential
has a non-linear part, and which do not appear as a linear part in the
coboundaries. In order to apply this method, one needs to have explicit
expressions for the action of the differential dA on the generators of A.
Note that Sullivan’s minimal model theory, as well as many other
results related to rational homotopy theory, are explained in detail in
the recent book [4].
Let G be a compact connected Lie group and H a connected closed
subgroup. It is a well known important fact that to the homogeneous
space G/H one can assign a Cartan algebra [1] which turns out to
be weakly equivalent to its de Rham algebra of differential forms [13].
Thus, the minimal model of G/H is the minimal model of its Cartan
algebra. If we assume G to be semisimple, the Cartan algebra of G/H
becomes simply connected and, in general, one can apply Sullivan’s
method for the computation of its minimal model. In practice, to apply
this method we need to know how the differential in the Cartan alge-
bra acts, or, what is equivalent, the inclusion of the maximal Abelian
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subalgebra for the subgroup H into the maximal Abelian subalgebra
of the group G.
In this paper, from the knowledge of these inclusions in the case of
generalised symmetric spaces [7], [9], [25], [26] we derive the rational
homotopy groups of these spaces.
The paper is organised as follows. In Section 2 we review the basic
definitions and theorems from minimal model theory that we will need.
Section 3 contains results on the rational homotopy groups of homoge-
neous spaces of semisimple compact Lie groups G, which we can get by
direct applications of Sullivan’s algorithm. In Section 4 we state and
prove the main theorem on rational homotopy groups of generalised
symmetric spaces. Then, in Appendix A, by applying the main theo-
rem, we give the table for the rational homotopy groups of irreducible
simply connected compact symmetric spaces.
Acknowledgment: I would like to thank Dieter Kotschick for the
support.
2. On minimal model theory
Let (A, dA) be a commutative graded differential algebra over a filed
k of characteristic zero. By definition, a differential graded algebra
(µA, d) is called a model for (A, dA) if there exists a differential graded
algebras morphism
hA : (µA, d)→ (A, dA)
inducing an isomorphism in cohomology. Such a morphism is called
quasi-isomorphism and the differential graded algebras for which it
exists are called quasi isomorphic or weakly equivalent.
If (µA, d) is a free algebra in a sense that µA = ∧V , for a graded
vector space V , then it is called a free model for (A, dA). The notation
µA = ∧V means that, as a graded vector space µA is polynomial algebra
on even degree elements V even and an exterior algebra on odd degree
elements V odd.
Definition 1. A differential graded algebra (µA, d) is called a minimal
model of (A, dA) if:
• (µA, d) = (∧V, d) is a free model for (A, dA) ;
• d is indecomposable in the following sense: for a fixed set V =
{Pα, α ∈ I} of free generators of µA, where I is a poset, we have
that for any Pα ∈ V , d(Pα) is a polynomial in generators Pβ,
β < α, with no linear part.
4 S. TERZIC´
Then, it can be proved ( [13], [6], [4]) that for any connected com-
mutative differential N-graded algebra (A, dA) (H
0(A, dA) = k) there
exists minimal model (unique up to isomorphism).
By definition minimal model of some smooth (connected) manifold
M will be minimal model of its de Rham algebra Ω∗(M) of differential
forms. Since Ω∗(M) is connected, we have the existence of minimal
model, µ(M), for any such a manifold. It turns out that, under suitable
conditions, the knowing of the minimal model of a manifold permits us
to compute the ranks of its homotopy groups.
We say that the manifoldM is a homotopy simple if pi1(M) is commu-
tative and acts trivially on pip(M), for p ≥ 2. Denote by µ
++(M) the set
of all indecomposable elements in µ(M), i.e., µ++(M) = µ(M)/µ+(M)·
µ+(M).
Then, in [2], [22] the following theorem is proved.
Theorem 2. Let M be a homotopy simple manifold of finite type.
Then µ++(M)r ∼= Hom(pir(M),R), r ≥ 1. Thus, rk pir(M) = dimµ
++(M)r,
r ≥ 1.
Remark 3. Any homogeneous space of a connected Lie group, whose
stabilizer of a point is connected, is homotopy simple ( [21], §16).
Remark 4. The above theorem is true for all nilpotent spaces of a fi-
nite type, see [2], [13]. By Remark 3, Theorem 2 is sufficient for our
purposes.
To apply the above theorem to compute the rational homotopy groups
of some manifold one needs an explicit expression for the algebraic part
of its minimal model ( obviously, we do not need information on its
differential). In general it is not clear how the algebraic part of the
minimal model for certain algebra or manifold can be computed effec-
tively. We will use the algorithm provided by Sullivan which allows us
to compute the minimal model of any free commutative graded differ-
ential algebra generated by elements of degree > 1. In particular, we
will see later that, under suitable conditions, this algorithm yields the
minimal model of certain compact homogeneous spaces.
2.1. Minimal model of a simply connected free CGDA.
We say that the commutative graded differential algebra (A, dA) is
simply connected if H0(A, dA) = k and H
1(A, dA) = 0. We will de-
scribe the algorithm given by Sullivan ( [13], [4]) for the computation
of the minimal model of a simply connected free graded differential
algebra.
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Let (∧V, d) be a free graded differential algebra. Assume that it is
simply connected. Then V = ⊕k≥1V
k and H1(∧V, d) = 0. Denote by
∧++V the ideal in ∧V generated by all decomposable elements. Let
δ : V n → V n+1 be a differential given by the formula
δ = pi ◦ d ,
where pi is the canonical projection
pi : V n+1 ⊕ (∧++V )n+1 → V n+1 .
Let V
′
be a complement of ℑδ in Ker δ and denote byW a complement
of Ker δ in V . Thus,
V = ℑδ ⊕ V
′
⊕W .
By straightforward calculations one can obtain
∧V = ∧(V
′
)⊗ ∧(W
′
⊕W ) ,
where W
′
= d(W ) ⊂ ∧V . Let C = ∧(W
′
⊕W ). Denote by 〈C+〉 the
ideal in ∧V generated by the elements of degree > 0 in C. Then the
canonical projection
ρ : (∧V, d)→ (∧V/〈C+〉, d1)
is a quasi-isomorphism of differential graded algebras (d1 is a differential
induced by d). Moreover, ∧V/〈C+〉 ∼= ∧V
′
and, therefore, is free. Being
simply connected, it is also minimal.
3. On rational homotopy groups of compact
homogeneous spaces
3.1. General theory. Let G be a compact connected Lie group and
H a closed connected subgroup such that rkG = n and rkH = r.
By t and s we denote the maximal Abelian subalgebras for G and H
respectively. Let us consider the homogeneous space G/H .
The real Cartan algebra (C, d) of G/H has the form C = H∗(BH)⊗
H∗(G). We recall some facts from [1] concerning the structures of
H∗(BH) and H
∗(G). The cohomology algebra of the classifying space
BH is the algebra of the Weil invariant polynomials on s. This alge-
bra allows r generators Ql1 , . . . , Qlr whose degrees are degQi = 2li,
1 ≤ i ≤ r, i.e., H∗(BH) ∼= R[Ql1 , . . . , Qlr ]. Also H
∗(G) is the exterior
algebra over n universal transgressive elements zk1 , . . . , zkn whose de-
grees are deg zki = 2ki − 1, 1 ≤ i ≤ n, i.e., H
∗(G) = ∧(zk1 , . . . , zkn).
By Pk1, . . . , Pkn, degPki = 2ki, we denote the generators for the coho-
mology algebra H∗(BG) of the classifying space for G corresponding to
zk1, . . . , zkn by transgression in the universal bundle for G. The num-
bers k1, . . . , kn (l1, . . . , lr) are often called the exponents of a group G
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( subgroup H). For the simple compact Lie groups these numbers, as
well as the generators of the Weil invariant polynomial algebras, are
well known [15]. We give their list at the Appendix B, since we will
need their explicit expression. Further in the paper, by ν(ki) (ν(lj))
we will denote the multiplicity of the exponent ki (lj).
Differential in the Cartan algebra is defined as d(b ⊗ 1) = 0, b ∈
H∗(BH) and d(1 ⊗ zi) = ρ
∗(Pi)⊗ 1. We denoted by ρ
∗ the restriction
of the Weil invariant polynomial algebra R[t]WG to the Weil invariant
polynomial algebra R[s]WH , see [1].
Cartan theorem [1] states that the real cohomology algebra of the
homogeneous space G/H is isomorphic to the cohomology algebra of
its Cartan algebra. But, it turns out that more is true [16]:
Theorem 5. The Cartan algebra of the homogeneous space G/H is
weakly equivalent to its de Rham algebra of differential forms.
Thus, the minimal model of the homogeneous space G/H is the
minimal model of its Cartan algebra.
Remark 6. The above theorem implies well known fact that the simply
connected compact homogeneous spaces are rationally elliptic [4].
Since the Cartan algebra is a free graded differential algebra, under
assumption on a group G to be semisimple, we can apply algorithm
given in 2.1 for computing its minimal model.
Remark 7. Note that in the case when rkG = rkH , we can always
assume G to be semisimple, according to the results on decomposition
of G and H , see [16](p. 61).
In the notation of section 2.1 we have
V = L(Q1, . . . , Qr)⊕ L(z1, . . . , zn) ,(1)
and differential δ : V n → V n+1 acts as follows:
• δ(Qi) = 0, 1 ≤ i ≤ r
• δ(zi) is a linear part of ρ
∗(Pi) in R[s]
WH , 1 ≤ i ≤ n.
Let h be a Lie algebra for H . Then we have obvious decomposition
h = ξ(h)⊕ h
′
,
on its center ξ(h) and its semisimple part h
′
. This implies
s = ξ(h)⊕ s
′
,
where s
′
is the maximal Abelian subalgebra in h
′
.
Thus,
R[s]Wh = R[ξ(h)]⊗ R[s
′
]
W
h
′ .
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It follows that the above differential δ can be written in the form δ =
δ1+ δ2, where δ1 and δ2 are the linear parts of d in R[ξ(h)] and R[s
′
]
W
h
′
respectively.
Now, R[ξ(h)] is a polynomial algebra of dim ξ(h) variables whose all
degrees are 2, and since G is a semisimple, all the generators in H∗(BG)
are of degree ≥ 4. It follows that δ1 = 0, i.e., δ = δ2.
Thus, the computation of the algebraic part (µ = V
′
) of the minimal
model for G/H is equivalent to the computation of the kernel and the
image of δ restricted to s
′
, i.e., we need to consider
δ : L(z1, . . . , zn)→ L(Qi1, . . . , Qij) ,(2)
where Qi1 , . . . Qij are the generators in R[s
′
]
W
h
′ .
Now, being a semisimple Lie algebra, h
′
splits into the sum of the
simple compact Lie algebras, i.e., h
′
= h
′
1⊕ . . .⊕ h
′
q and, therefore
R[s
′
]
W
h
′ = R[s
′
1]
W
h
′
1 ⊗ . . .⊗ R[s
′
q]
W
h
′
q ,(3)
where s
′
1, . . . , s
′
q are the maximal Abelian subalgebras for h
′
1, . . . , h
′
q
respectively. It follows, as above, that δ = δs1 + . . . + δsq , where δsi is
a linear part of the restriction
ρ∗si : R[t]
Wg → R[si]
Whi ,
which is induced by ρ∗. Then, obviously, δ(zi) 6= 0 if and only if
δsj (zi) 6= 0 for some j, 1 ≤ j ≤ q.
3.2. Some direct applications. Let us first illustrate some straight-
forward applications of the above algorithm which will help us to de-
termine which are the rational homotopy groups of the homogeneous
spaces difficult to compute.
The statements 8 to 11 can be also proved by considering the long
exact homotopy sequence of the fibration H → G/H → G.
Example 8. Let G be a compact connected semisimple Lie group and
S a toral subgroup of dimension r. Then R[s]WS = R[x1, . . . , xr],
where deg xi = 2. Since G is semisimple, deg ρ
∗(Pi) ≥ 4 for any Weil
invariant generator Pi in R[t]
WG , so we get that δ vanishes identically.
Therefore, the algebraic part in the minimal model for G/S coincides
with its Cartan algebra:
µ(G/S) = R[x1, ..., xr]⊗ ∧(z1, ..., zn) .
Thus, from 2.1 follows:
dim pi2(G/S)⊗Q = dimS, pi2p(G/S)⊗Q = 0, for p ≥ 2 ,
pi2p−1 ⊗Q = 0, for p /∈ {k1, . . . , kn} ,
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dim pi2ki−1(G/S)⊗Q = ν(ki), for i = ¯1, n .
Remark 9. Note that, for any homogeneous space G/H such that all
ρ∗(Pi) are decomposable, its minimal model also coincides with its
Cartan algebra.
We can push up the above further.
Lemma 10. Let G be a compact connected semisimple Lie group and
H a closed connected subgroup. Then dim pi2(G/H)⊗Q = dim ξ(H).
Proof. Elements of degree 2 in Ker δ may appear only if H has non
trivial center ξ(H). Since ℑδ contains no elements of degree two, we
get the statement.
Similarly, using (1), one can easily prove the following.
Proposition 11. Let G be a semisimple compact connected Lie group,
H a connected closed subgroup, k1, . . . , kn the exponents of the group
G and l1, . . . , lr the exponents of the subgroup H. Then
1. pi2p(G/H)⊗Q = 0 for p /∈ {l1, . . . , lr};
2. pi2p−1(G/H)⊗Q = 0 for p /∈ {k1, . . . , kn};
3. dim pi2ki−1(G/H)⊗Q = ν(ki) for ki /∈ {l1, . . . , lr} , 1 ≤ i ≤ n.
4. dim pi2li(G/H)⊗Q = ν(li) for li /∈ {k1, . . . , kn}, 1 ≤ i ≤ r.
From the above proposition immediately follows:
Corollary 12. dim pieven(G/H)⊗Q ≤ rkH and dim piodd(G/H)⊗Q ≤
rkG.
3.3. Further simple applications. Concerning Proposition 11, in
order to compute the rational homotopy groups of the homogeneous
space G/H , it remains to see what are the indecomposable elements in
d(zki), for zki ∈ H
∗(G) and ki ∈ {l1, . . . , lr}.
Note that, when ν(ki) = 1 we do not need to know how the inde-
composable part of d(zki) looks like. When this is the case, we are
only interested in the vanishing of δ(zki). More precisely, the following
statement is obvious.
Proposition 13. Let ki = lj be the common exponent for a semisimple
compact connected Lie group G and its closed connected subgroup H,
such that ν(ki) = 1 and zki ∈ H
∗(G), deg zki = 2ki − 1. Then
• dim pi2lj (G/H)⊗Q = ν(lj) and dim pi2ki−1 ⊗Q = 1 if d
′
(zki) = 0
• dim pi2lj (G/H)⊗Q = ν(lj)− 1 and pi2ki−1 ⊗Q = 0 if d
′
(zki) 6= 0.
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The above is always the case when G is a simple compact Lie group of
a type different from D2n. If G is of a type D2n, then it has exponent
2n of multiplicity 2, while all the others are of multiplicity 1. This
implies the following.
Corollary 14. For any simple compact connected Lie group G that is
not of type D2n it follows that rk pi2k−1(G/H) ≤ 1. For a group of
a type D2n, we have rk pi4n−1(G/H) ≤ 2 and rk pi2k−1(G/H) ≤ 1 for
k 6= 2n.
Corollary 15. Let G be a simple compact Lie group and H 6= {e} a
closed connected subgroup that is not a torus. Then
pi3(G/H)⊗Q = 0, and dim pi4(G/H)⊗Q = ν(l1 = 2)− 1 .
Proof. Since G is simple it has only one Weil invariant generator P2
of degree 4. Concerning the formulas for the Weil invariant genera-
tors, (28) - (33) and [15], we have that the restriction of P2 on any
subspace of t is not trivial. Being of the smallest even degree, it means
that δsj (z2) 6= 0, for any j, 1 ≤ j ≤ q defined in (3). Then, Proposi-
tion 13 implies the statement.
For some restrictive class of homogeneous spaces we can say some more.
3.4. Non cohomologous to zero homogeneous spaces. Recall
that, it is said that, the subgroup H is totally non cohomologous to
zero in the group G if the restriction ρ∗ : R[t]WG → R[s]WH is surjective.
This property easily implies the following.
Lemma 16. Let the subgroup H be totally non cohomologous to zero
in the group G. Then all even rational homotopy groups of G/H are
trivial and
pi2k−1(G/H)⊗Q = ν(ki)− ν(lj) ,
for any common exponent k = ki = lj for the group G and subgroup
H.
Proof. Surjectivity of ρ∗ implies surjectivity of δ. Thus, any exponent
of H is also an exponent for G, and dim(ℑδ)2k = ν(lj) for any common
exponent k = ki = lj . It follows that all even rational homotopy groups
are trivial and pi2k−1(G/H)⊗Q = ν(ki)− ν(lj).
Remark 17. In this caseH∗(G/H) is an exterior algebra and the Cartan-
Serre theorem can be also applied.
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Remark 18. Surjectivity of δ implies surjectivity of ρ∗. Thus, the op-
posite of the previous lemma is also true. If all even rational homotopy
groups of G/H are trivial, then H is totally non cohomologous to zero
in G.
3.5. Cartan pair homogeneous spaces. Recall [5] that we say that
the homogeneous space G/H , rkG = n, rkH = r, is a Cartan pair if
we can choose n algebraic independent generators P1, . . . , Pn of R[t]
WG
such that ρ∗(Pr+1), . . . , ρ
∗(Pn) belong to the ideal in R[s]
WH which is
generated by ρ∗(P1), . . . , ρ
∗(Pr). Furthermore, when this is the case,
one can choose Pr+1, . . . , Pn such that ρ
∗(Pr+1) = . . . = ρ
∗(Pn) = 0,
see [12]. This immediately implies the following Lemma.
Lemma 19. Let G/H be a Cartan pair homogeneous space and let
degPi = 2pi, r + 1 ≤ i ≤ n. Then pi2pi−1(G/H)⊗Q are not trivial for
all r + 1 ≤ i ≤ n.
Obviously, if the subgroup H is totally non homologous to zero in
the group G, then G/H is a Cartan pair homogeneous space.
Remark 20. The previous Lemma is also a direct consequence of the
results on cohomology structure and formality of Cartan pair homo-
geneous spaces. Is is known [16] that the homogeneous space G/H is
formal if and only if it is a Cartan pair homogeneous space. For such
space it is known [16] that its cohomology algebra has the form
H∗(G/H) ∼= R[s]WH/〈ρ∗(R[t]WG)〉 ⊗ ∧(zr+1, . . . , zn) .(4)
Thus, the minimal model of G/H is the minimal model of the above
cohomology algebra endowed with the differential equal to zero.
Remark 21. Note that the spaces having the cohomology algebras of
the form (4) generalise the notion of the spaces with good cohomology
in terminology of [2], [20]. We mean generalisation in a sense that the
construction of the minimal models for the spaces with good cohomol-
ogy [2] can be directly generalised to the spaces with the cohomology
algebras of the form (4).
We see that a lot of the rational homotopy groups of the homoge-
neous space G/H can be obtained comparing the exponents of G and
H . Problems arise for those rational homotopy groups corresponding
to the common exponents, since for them we need to know differential
d in the Cartan algebra for G/H . Obviously for any such exponent one
can consider corresponding odd ( taking it as an exponent of the group
G) and even (taking it as an exponent of the subgroup H) rational
homotopy group.
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In this direction we will obtain results about special type of homo-
geneous spaces, which we will call generalised symmetric spaces.
4. Rational homotopy groups of generalised symmetric
spaces
4.1. Generalised symmetric spaces. Several generalisations of the
symmetric spaces are known and they have been studied by many au-
thors, see [8], [11], [19], [27], [28],... Following [11], the most general
definition for generalising the notion of symmetric spaces by omitting
the condition on involutivity is as follows.
Definition 22. A generalised symmetric space of order m is a triple
(G,H,Θ), where G is a connected Lie group, H ⊂ G is a closed sub-
group, and Θ is an automorphism of finite order m of the group G
satisfying
GΘ0 ⊆ H ⊆ G
Θ ,
where GΘ is the fixed point set of Θ and GΘ0 is its identity component.
If we assume G to be semisimple and simply connected, generalised
symmetric spaces are given by the triples (G,GΘ,Θ) [17], [18]. Under
the same assumptions, there is also a bijection between generalised
symmetric spaces and generalised symmetric algebras (g, gΘ,Θ), where
the second ones are defined on the same way [17], [18]. So, further
we will make no difference between generalised symmetric spaces and
general symmetric algebras.
From the classification theory, developed in [8] for the classification
of finite order automorphisms of the semisimple Lie algebras , it follows
that, for g simple, to any finite order automorphism Θ we can assign a
sequence (k, (s0, . . . , sr), m), called the type of automorphism Θ, which
completely determines it (up to conjugation by some automorphism of
g). Here k = 1, 2, 3, then s0, . . . , sr are non-negative integers, without
non-trivial common factor, corresponding to the vertices of the Kac-
Dynkin diagram g(k) andm is an order of Θ. For generalised symmetric
algebras this classification implies the following [9], [7].
1. Any generalised symmetric algebra (g, gΘ,Θ) can be decomposed
as
gΘ = tr−t⊕ g
′
,(5)
where g
′
is a semisimple Lie algebra whose Dynkin diagram is sub-
diagram of the Kac-Dynkin diagram g(k) consisting of the vertices
{i1, . . . , it} given by the conditions si1 = . . . = sit = 0.
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2. Generalised symmetric algebras (g, gΘ,Θ) and (g, gΘ˜, Θ˜) are iso-
morphic if and only if k = k˜ and the sequence (s0, . . . , sr) can be
transformed into the sequence (s˜0, . . . , s˜r) by some automorphism
of the Kac-Dynkin diagram g(k).
In this way, using above results, an explicit list of all generalised sym-
metric spaces of compact simple simply connected Lie groups is given
in [24].
4.2. The main result. Our main result is the following theorem giv-
ing explicit formulas for the rational homotopy groups of generalised
symmetric spaces.
Theorem 23. Let G/H be a generalised symmetric space, where G
is a simple compact Lie group. Let further g be the Lie algebra for
G, g
′
the semisimple part in the Lie algebra for H, {k1, . . . , kn} the
exponents of the group G, {l1, . . . , lr} the exponents of the subgroup H
and p = ki = lj. Then:
1. If rkH = rkG we have
• dim pi2p(G/H)⊗Q = ν(lj)− 1 ,
• pi2p−1(G/H)⊗Q = 0 for (g, p) 6= (D2n, 2n) ,
• pi4n−1(G/H)⊗Q = Q for g = D2n and g
′
6= A2n−1 ,
pi4n−1(G/H)⊗Q = 0 for (g, g
′
) = (D2n, A2n−1) .
2. If rkH < rkG we have
• for p odd :
dim pi2p(G/H)⊗Q = ν(lj), pi2p−1(G/H)⊗Q = Q ,
• for p even:
dim pi2p(G/H)⊗Q = ν(lj)− 1 ,
pi2p−1(G/H)⊗Q = 0 for (g, p) 6= (D2k, 2k) ,
pi2p−1(G/H)⊗Q = Q for (g, p) = (D2k, 2k) .
Remark 24. In [25] it was proved that all generalised symmetric spaces
of simple compact Lie groups are Cartan pair homogeneous spaces.
Therefore [10] they are formal in the sense of Sullivan.
Before going to prove the above theorem, let us note one example
showing that the theorem can not be extended to the Cartan pair
homogeneous spaces.
Example 25. All compact Riemannian homogeneous spaces with an
irreducible isotropy group are classified by O. V. Manturov [14]. Let
us consider such a space G/H given by g = AN−1 and h = An−1, where
N = n(n−1)
2
, n ≥ 6. In [12] is shown that the restriction of the Weil
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invariant generators Pa = x
a
1 + . . . + x
a
N , a = 2, 3, . . . , N of AN−1, to
the maximal Abelian subalgebra of An−1 is given by
P˜a =
∑
i<j
(yi + yj)
a = (n− 2a−1)pa +
1
2
a−2∑
s=2
c2apa−sps ,
where ps = y
s
1 + . . .+ y
s
n, s = 2, . . . , N .
It is also proved that for n = 2q−1, instead of standardQ2, . . . , Qn(where
Qi = pi for 2 ≤ i ≤ n) we can take P˜2 . . . , P˜q−1, Qq, P˜q+1, . . . , P˜n for
the generators in R[s]WH . When this is the case, the restriction ρ∗ in
the Cartan algebra for G/H is given by:
ρ∗(Pa) = P˜a, 2 ≤ a ≤ n, a 6= q, ρ
∗(Pq) = 0 ,
ρ∗(Pkq) = αkQ
k
q , n < kq ≤ N, ρ
∗(Pa) = 0, n < a ≤ N, a 6= kq .
Since k > 1, it follows that the differential δ is given by
δ(Pa) = P˜a, 2 ≤ a ≤ n, a 6= q ,
δ(Pq) = 0 and δ(Pa) = 0, n < a ≤ N, .
Thus, V
′
= L(Qq, zq, zn+1, . . . , zN) and since degQq = 2q and deg zi =
2i− 1, we obtain that
rk pi2q(G/H) = rk pi2q−1(G/H) = 1 ,
rk pi2i−1(G/H) = 1, n+ 1 ≤ i ≤ N ,
rk pip(G/H) = 0, p 6= 2q, 2q − 1, 2i− 1, n+ 1 ≤ i ≤ N .
On the other hand, for any odd common exponent p for AN−1 and
An−1, (i.e., any odd number which is less or equal n) theorem would
give rk pi2p−1(G/H) = 1. Thus, for those spaces with n = 2
q−1, q ≥ 5,
Theorem 23 is not true.
4.3. The principle of the proof. Since in Theorem 23, we assume
g to be a simple compact Lie algebra, Proposition 13 implies that the
proof of Theorem 23, except for g = D2n, reduces to investigation of
non-vanishing of δ. According to discussion in 3.1 this can be further
reduced to the investigation of non-vanishing of the differentials δsi
corresponding to the simple summands in g
′
. This is, again by the same
discussion, equivalent to the investigation on the non-decomposability
of ρ∗si.
Thus, let g
′′
be a simple summand in g
′
. By xi (yi) we denote coordi-
nates on the maximal Abelian subalgebra t for g (t
′′
for g
′′
) expressing
the simple roots and the Weil invariant generators for g (g
′′
) in classical
form. Such coordinates we call canonical coordinates below. Then in
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the procedure of the proof we are going to describe ρ∗
t
′′ explicitely for
any simple summand g
′′
. We do it by expressing the restrictions of the
canonical coordinates for t on t
′′
in terms of the canonical coordinates
for t
′′
. We are able to do that because of the knowledge of the inclusions
t
′′
⊂ t in the case of generalised symmetric spaces. Concerning their
classification we are going to consider separately generalised symmetric
spaces G/H with rkH = rkG and rkH < rkG.
We start with the two sections which provide the expressions for
the canonical coordinates of classical g via the canonical coordinates
of certain simple summand in g
′
when they restrict on it. The cases of
exceptional g will be considered directly in the proof of Theorem 23.
4.4. First category generalised symmetric spaces (rkH = rkG).
From the classification of finite order automorphisms of semisimple
Lie algebras it follows that all the first category generalised symmetric
spaces are generated by inner automorphisms of finite order [7] (p.512).
Also for any such space the semisimple part g
′
of gΘ can be obtained
from the subdiagram of the Kac-Dynkin diagram g(1) ( so called ex-
tended Dynkin diagram). It is well known that the diagram g(1) is a
diagram for the extended system of simple roots {α0, α1, . . . , αn} for
g. Thus, the base for t
′
is some subset of {H0, H1, . . . , Hn}, where
H0, H1, . . . , Hn is a canonical base for t, i.e., the base corresponding to
the extended system of the simple roots for g [7], [9], [25]. These vectors
are given by the conditions αi(Hj) =
2(αi,αj)
(αj ,αj)
= aij , where (aij)0≤i,j≤n
is the matrix corresponding to the g(1) diagram ( so called generalised
Cartan matrix of a first type).
Let x1, . . . , xn be the canonical coordinates on t. There are well
known formulas expressing the simple roots of the compact simple Lie
algebras via the canonical coordinates [17]. Concerning that formulas
we can define matrix P (1) = (pij), 0 ≤ i ≤ n, 1 ≤ j ≤ n to be
pij = xj(Hi) .
For the simple compact Lie algebras matrix P is given as follows.
1. g = An
pii = 1, i = ¯1, n ,
pi−1i = −1, i = ¯1, n+ 1 ,(6)
p0n+1 = 1 ,
and all the other matrix elements are equal to zero.
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2. g = Bn
pii = 1, i = ¯1, n− 1 ,
pi−1i = −1, i = ¯1, n ,(7)
p02 = −1, pnn = 2 ,
and all the other elements are equal to zero.
3. g = Cn
pii = 1, i = ¯1, n ,
pi−1i = −1, i = ¯1, n ,(8)
and all the other elements are equal to zero.
4. g = Dn
pii = 1, i = ¯1, n ,
pi−1i = −1, i = ¯1, n ,(9)
p02 = −1, pnn−1 = 1 ,
and all the other elements are equal to zero.
5. g = G2
P =


−1 0 1
1 −2 1
0 1 −1

(10)
6. g = F4
P =


−1 −1 0 0
1 −1 −1 −1
0 0 0 2
0 0 1 −1
0 1 −1 0


(11)
7. g = E6
pii = 1, i = ¯1, 5, pi−1i = −1, i = ¯2, 6 ,
p6i =
−1
2
, i = ¯1, 3, p6i =
1
2
, i = ¯4, 6 ,(12)
p0ε = −1, p6ε =
1
2
,
and all the other matrix elements are equal to zero.
8. g = E7
pii = 1, i = ¯1, 6, pi−1i = −1, i = ¯2, 7 ,
p7i =
−1
2
, i = ¯1, 4, p7i =
1
2
, i = ¯5, 8 ,(13)
p07 = 1, p08 = −1 ,
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and all the other element are equal to zero.
9. g = E8
pii = 1, i = ¯1, 7, pi−1i = −1, i = ¯1, 8 ,
x8i =
−1
3
, i = ¯1, 5, p8i =
2
3
, i = ¯6, 8 ,(14)
and all the other elements are equal to zero.
Let g
′′
be some simple summand in g
′
and t
′′
its maximal Abelian
subalgebra. Then the base for t
′′
is given by some subset of successive
vectors in {H0, . . . , Hn}.
Because of simplicity of formulation, in the following proposition we
will assume that t
′′
6= L(H0, H2, H1) for g = Bn and t
′′
6= L(H0, H2, H1),
t
′′
6= L(Hn−1, Hn−2, Hn) for g = Dn.
Proposition 26. Let (g, gΘ,Θ) be a first category generalised symmet-
ric algebra of a classical simple compact Lie algebra g and g
′′
be some
simple summand in gΘ. Let further x1, . . . , xn be the canonical coordi-
nates on maximal Abelian subalgebra t for g, and y1, . . . , yl the canon-
ical coordinates on maximal Abelian subalgebra t
′′
for g
′′
. Then there
exist p1, p2, . . . , pl, 1 ≤ pi ≤ n such that the restriction of x1, . . . , xn
on t
′′
is given by
xp1 → ±y1, . . . , xpl → ±yl, xi → 0, for i 6= p1, . . . , pl .
Proof. We will proceed by considering the fixed point subalgebras for
each type g.
1. g = An, (n ≥ 2)
The fixed point subalgebras are of the following form:
gΘ = tn−
∑k
i=1 ni ⊕An1 ⊕ . . .⊕ Ank .
Thus, g
′′
here can be only of a type Al, l ≤ n. The basis for t
′′
is of
the form
t
′′
= L(Hp+1, . . . , Hp+l), 0 ≤ p ≤ n− l − 1 ,
and we may assume that it does not contain H0, since any such case for
g
′′
= Al is conjugate to this one by automorphism of the Kac-Dynkin
diagram A
(1)
n . Then, from (6) follows
xp+1 → y1, . . . , xp+l+1 → yl+1, xi → 0, i 6= p+ 1, . . . , p+ l .
2 . g = Bn, n ≥ 2
Here the fixed point subalgebras are of the form:
gΘ = tn−
∑k
i=1 ni ⊕Dn1 ⊕An2 ⊕ . . .⊕ Ank−1 ⊕Bnk .
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- If g
′′
= Dl, l ≤ n then
t
′′
= L(Hl−1, . . . , H0) ,
and from (7) and (9) we get
xl → −y1, . . . , x1 → −yl, xi → 0, i > l .
- If g
′′
= Al, l ≤ n− 1, then
t
′′
= L(Hp+1, . . . , Hp+l), 0 ≤ p ≤ n− l − 1
and from (6) and (7) it follows
xp+1 → y1, . . . , xp+l+1 → yl+1, xi → 0, i 6= p+ 1, . . . , p+ l + 1 .
Note that the cases t
′′
= L(H0, H2, . . . , Hl−1) and t
′′
= L(H1, . . . , Hl−1),
corresponding to g
′′
= Al, are the same, up to conjugation, since
there is an automorphism of B
(1)
n transforming one base into an-
other.
- If g
′′
= Bl, l < n (l = n gives the trivial case) then
t
′′
= L(Hn−l+1, . . . , Hl) ,
and again from (7) it follows
xn−l+1 → y1, . . . , xn → yl, xi → 0, i < n− l + 1 .
3. g = Cn (n ≥ 3)
Here the fixed point subalgebras are given by:
gΘ = tn−
∑k
i=1 ni ⊕Cn1 ⊕ An2 ⊕ . . .⊕ Ank−1 ⊕ Cnk .
- If g
′′
= Cl, l ≤ n we have two possibilities for the base of t
′′
.
1. t
′′
= L(Hl−1, . . . , H0) ,
and from (8) we get
xl → −y1, . . . , x1 → −yl, xi → 0, i > l .
2. t
′′
= L(Hn−l+1, . . . , Hn) ,
xn−l+1 → y1, . . . , xn → yl, xi → 0, i < n− l + 1 .
- If g
′′
= Al, l ≤ n− 1 then
t
′′
= L(Hp+1, . . . , Hp+l), 0 ≤ p ≤ n− l − 1 ,
and from (6) and (8) it follows
xp+1 → y1, . . . , xp+l+1 → yl+1, xi → 0, i 6= p+ 1, . . . , p+ l + 1 .
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4. g = Dn (n ≥ 4)
The fixed point subalgebras are given by:
gΘ = tn−
∑k
i=1 ni ⊕Dn1 ⊕ An2 ⊕ . . .⊕ Ank−1 ⊕Dnk .
- If g
′′
= Dl, l < n, (l = n gives the trivial case) we have two
possibilities for the base of t
′′
.
1. t
′′
= L(Hl−1, . . . , H0) ,
then from (9) it follows
xl → −y1, . . . , x1 → −yl, xi → 0, i > l .
2. t
′′
= L(Hn−l+1, . . . , Hn) ,
and again from (9) it follows
xn−l+1 → y1, . . . , xn → yl, xi → 0, i < n− l + 1 .
- If g
′′
= Al, l ≤ n− 1, then
t
′′
= L(Hp+1, . . . , Hp+l), 0 ≤ p ≤ n− l − 1 ,
and using (6) and (9) we get
xp+1 → y1, . . . , xp+l+1 → yl+1, xi → 0, i 6= p+ 1, . . . , p+ l + 1 .
Case g
′′
= Al and t
′′
= L(H0, H2, . . . , Hl−1) is conjugate by au-
tomorphism of the Kac-Dynkin D
(1)
n to the case g
′′
= Al and
t
′′
= L(H1, . . . , Hl−1). Also the case t
′′
= L(Hn−l, . . . , Hn−2, Hn)
is conjugate to the case t
′′
= L(Hn−l, . . . , Hn−1).
4.5. Second category homogeneous spaces (rkH < rkG). From
the classification of the finite order automorphisms of the semisimple
Lie algebras it follows that all the second category generalised symmet-
ric spaces are generated by an outer automorphisms of a finite order.
Such spaces exist for g = A2, A2r, A2r−1, Dr+1, D4 and g = E6. In this
case the semisimple part g
′
of gΘ can be obtained from the subdiagram
of the Kac-Dynkin diagrams g(2) or g(3). The one-forms having g(2) and
g(3) as the diagrams and, related to the generalised Cartan matrices of
the second and third type, corresponding them vectors H¯i, 0 ≤ i ≤ r
on t are given in [7], [9] and [25]. As in the case of the first category
generalised symmetric spaces we will consider matrix P whose elements
are defined by pij = xi(H¯j).
1. g = A2r, r ≥ 2
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H¯0 = −(H1 + . . .+H2r) ,
H¯i = Hi +H2r−i+1 (1 ≤ i ≤ r − 1) ,(15)
H¯r = 2(Hr +Hr+1) .
Matrix of the canonical coordinates for A2r in the above base looks
like:
pii = 1, i = ¯1, r − 1, pi−1i = −1, i = ¯1, r ,
prr = 2, pjr+1 = 0, j = ¯1, r ,(16)
pij = −pi2r−j+2, j = ¯1, r, i = ¯0, r ,
and the other elements are equal to zero.
2. g = A2r−1, r ≥ 3
H¯0 = −(H1 +H2r−1 + 2H2 + . . .+ 2H2r−2) ,
H¯i = Hi +H2r−i (1 ≤ i ≤ r − 1) ,(17)
H¯r = Hr .
Matrix of the canonical coordinates for A2r−1 in this base is:
pii = 1, i = ¯1, r, pi−1i = −1, i = ¯1, r ,(18)
p02 = −1, pij = −pi2r−j, j = ¯1, r, i = ¯0, r ,
and the other matrix elements are equal to zero.
3. g = Dr+1, r ≥ 2
H¯0 = −2(H1 + . . .+Hr−1)− (Hr +Hr+1) ,
H¯i = Hi (1 ≤ i ≤ r − 1) ,(19)
H¯r = Hr +Hr+1 .
Matrix of the canonical coordinates for Dr+1 in the above base is:
pii = 1, pii+1 = −1, i = ¯1, r − 1 ,(20)
p01 = −2, prr = 2 ,
and the other elements of the matrix are equal to zero.
4. g = D4
H¯0 = −3H2 − 2(H1 +H3 +H4) ,
H¯1 = H1 +H3 +H4 ,(21)
H¯2 = H2 .
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P =


−2 −1 −1 0
1 −1 2 0
0 1 −1 0

(22)
5. g = E6
H¯0 = −(2H1 + 3H2 + 4H3 + 3H4 + 2H5 + 2H6) ,
H¯1 = H1 +H5, H¯2 = H2 +H4 ,(23)
H¯3 = H3, H¯4 = H6 .
For proving the Theorem 23 in this case we want to use the generators
of Weil invariant polynomial algebra in the form (34). It is easy to see
that on the vector space spanned by (23) forms ai, bj and cij satisfy
the relations
bi = −a7−i, cij = −ai + a7−j ,
and, then, the generators (34) are given by
Ik =
6∑
i=1
aki +
5∑
i=2
ck1i +
∑
j=3,4
ck2j .
Thus, in order to compute the restriction of these generators on t
′
, we
need to know the matrix A with the elements defined by aij = aj(H¯i).
By straightforward computation we get that
A =


−2 −1 −1 −1 −1 0
1 −1 0 0 1 −1
0 1 −1 1 −1 0
0 0 1 −1 0 0
0 0 0 1 1 1


.(24)
Remark 27. For g = A2, we have g
Θ = t1 or gΘ = A1. Example 8 and
Proposition 15 immediately proves the Theorem 23 in this case.
Remark 28. Note that (15), (17) and (19) implies that on tΘ the fol-
lowing (respectively) equalities are satisfied:
• xr+1 = 0, xj = −x2r−j+2, 1 ≤ j ≤ r for g = A2r ,
• xj = −x2r−j , 1 ≤ j ≤ r, for g = A2r−1 ,
• xr+1 = 0 for g = Dr+1 .
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Obviously, for the second category generalised symmetric spaces, the
base for t
′′
corresponding to some simple summand g
′′
, consists of some
successive vectors in {H¯0, . . . , H¯r} given above.
As in the case of the first category generalised symmetric spaces,
we are here also able to prove a similar statement. Because of the
above remark, we need to consider only the canonical coordinates xi,
1 ≤ i ≤ r. Again for simplicity of formulation we will assume that
t
′′
6= L(H¯0, H¯2, H¯1) in a case g = A2r.
Proposition 29. Let (g, gΘ,Θ) be a second category generalised sym-
metric algebra of a classical compact Lie algebra g and g
′′
be some sim-
ple summand in gΘ. Let further x1, . . . , xr be the canonical coordinates
on maximal Abelian subalgebra t for g, and y1, . . . , yl the canonical co-
ordinates on maximal Abelian subalgebra t
′′
for g
′′
. Then there exist
p1, . . . , pl, 1 ≤ pi ≤ r, such that the canonical coordinates of g restrict
on t
′′
as follows:
xp1 → ±y1, . . . , xpl → ±yl, xi → 0, 1 ≤ i ≤ r, i 6= p1, . . . , pl .
Proof. To prove the proposition we consider separately three possible
cases.
1. g = A2r, r ≥ 2
Here the fixed point subalgebras are of the following form
gΘ = tr−
∑k
i=1 ni ⊕Bn1 ⊕ An2 ⊕ . . .⊕Ank−1 ⊕ Cnk .
- If g
′′
= Bl, l ≤ r then
t
′′
= L(H¯r−l+1, . . . , H¯r) ,
and from (15) and (7) we get
xr−l+1 → y1, . . . , xr → yl, xi → 0, i < r − l + 1 .
- If g
′′
= Al, l ≤ r − 1, then
t
′′
= L(H¯p+1, . . . , H¯p+l), 0 ≤ p ≤ r − l − 1 ,
and from (15) and (6) follows
xp+1 → y1, . . . , xp+l+1 → yl+1, ,
xi → 0, i 6= p+ 1, . . . , p+ l + 1, 1 ≤ i ≤ r .
- If g
′′
= Cl, l ≤ r then
t
′′
= L(H¯l−1, . . . , H¯0) ,
and (15) and (8) implies
xl → −y1, . . . , x1 → −yl, xi → 0, l < i ≤ r .
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2. g = A2r−1, r ≥ 3
The fixed point subalgebras are given by
gΘ = tr−
∑k
i=1 ni ⊕Dn1 ⊕An2 ⊕ . . .⊕ Ank ⊕ Cnk .
- If g
′′
= Dl, l ≤ r then
t
′′
= L(H¯l−1, . . . , H¯4, H¯3, H¯1, H¯0) ,
and from (17) and (9) follows
xl → −y1, . . . , x1 → −yl, xi → 0, l < i ≤ r .
- If g
′′
= Al, l ≤ r − 1 then we have
t
′′
= L(H¯p+1, . . . , H¯p+l), 0 ≤ p ≤ r − l − 1 ,
and again (17) and (6) implies
xp+1 → y1, . . . , xp+l+1 → yl+1 ,
xi → 0, i 6= p+ 1, . . . p+ l + 1, 1 ≤ i ≤ r .
We do not have to consider the case t
′′
= L(H¯0, H¯2, . . . , H¯l−1),
since the subalgebras g
′′
= Al corresponding to this case and to the
case t
′′
= L(H¯1, H¯2, . . . , H¯l−1) are conjugate by an automorphism
of the Kac-Dynkin diagram A
(2)
2r−1.
- If g
′′
= Cl, l ≤ r then
t
′′
= L(H¯r−l+1, . . . , H¯l) ,
and (17) and (8) implies
xr−l+1 → y1, . . . , xr → yl, xi → 0, i < r − l + 1 .
We do not have to make the difference between the cases t
′′
=
L(H¯0, H¯2, . . . , H¯r) and t
′′
= L(H¯1, H¯2, . . . , H¯r) since the sublage-
bras g
′′
= Cr corresponding to these cases are conjugated by an
automorphism of the Kac-Dynkin diagram A
(2)
2r−1.
3. g = Dr+1
The fixed point subalgerbra of Dr+1 has the following form
gΘ = tr−
∑k
i=1 ni ⊕Bn1 ⊕An2 ⊕ . . .⊕Ank−1 ⊕ Bnk .
- If g
′′
= Bl, l ≤ r we have two possibilities for the base of t
′′
.
1. t
′′
= L(H¯l−1, . . . , H¯0) ,
and (19) and (7) implies
xl → −y1, . . . , x1 → −yl, xi → 0, i > l .
2. t
′′
= L(H¯r−l+1, . . . , H¯r) ,
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and again we get
xr−l+1 → y1, . . . , xr → yl, xi → 0, i < r − l + 1 .
- If g
′′
= Al, l ≤ r − 1, then
t
′′
= L(H¯p+1, . . . , H¯p+l), 0 ≤ p ≤ r − l − 1 ,
and by (19) and (6)
xp+1 → y1, . . . , xp+l+1 → yl+1, xi → 0, i 6= p+ 1, . . . , p+ l + 1 .
4.6. Proof of Theorem 23. In this subsection we will prove the The-
orem 23 on rational homotopy groups of generalised symmetric spaces.
The cases not mentioned in Theorem 23 are already proved by Propo-
sition 11. Also, for p = 2 the Theorem is proved by Proposition 15.
So, in the proof we consider the common exponents different from 2.
Proof. To prove the Theorem we will consider separately when g is of
classical and exceptional type and we will also differ the cases of the
first and the second category generalised symmetric spaces.
1. G is of a classical type and rkG = rkH
Let g
′′
be some simple summand in gΘ and t
′′
its maximal Abelian
subalgebra (t
′′
6= L(H0, H2, H1) for g = Bn or g = Dn and t
′′
6=
L(Hn−1, Hn−2, Hn) for g = Dn). Let x1, . . . , xn be the canonical co-
ordinates on t and y1, . . . , yl the canonical coordinates on t
′′
. Using
Proposition 26, we get that the restriction of x1, . . . xn on t
′′
has the
following form:
xpi → ±yi, 1 ≤ i ≤ l xi → 0, i 6= p1, . . . , pl .
Therefore, the restrictions on t
′′
of the Weil invariant generators for
the classical groups given by (28) - (34) have the form:
ρ∗
t
′′ (Pk) = (±y1)
k + . . .+ (±yl)
k ,
ρ∗
t
′′ (P
′
n) = y1 · · · , yn for g
′
= g
′′
= An−1 ,
ρ∗
t
′′ (P
′
n) = 0 for g
′′
6= An−1 .
Thus, if p = ki = lj is the common exponent for g and g
′′
, we get
δt′′ (zp) = (±y1)
p + . . .+ (±yl)
p 6= 0 .(25)
For p = n and g = Dn we have
δ(z
′
n) = y1 · · · yn 6= 0 for g
′
= g
′′
= An−1 ,(26)
δ(z
′
n) = 0 for g
′′
6= An−1(27)
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Note that, when g = Dn and n is odd, n can be a common exponent
only when g
′
= g
′′
= An−1.
For g
′′
= A3 and t
′′
= L(H0, H2, H3), which we have for g = Bn
and g = Dn, and more t
′′
= L(Hn−2, Hn−1, Hn) for g = Dn, the only
common exponent for g
′′
and g is 4. From (17) and (7), and, (17)
and (9) we get
ρ∗
t
′′ (P4) = (y1 + y2)
4 + (y1 + y3)
4 + (y2 + y3)
4 ,
and it is obvious that ρ∗
t
′′ (P4) can not be written in the form c(˙y
2
1 +
y22 + y
2
3 + y1y2 + y1y3 + y2y3)
2. It follows that δ(z4) 6= 0.
• Thus, if (g, p) 6= (D2n, 2n), we have ν(ki) = 1 and from (25), (26)
and Proposition 13 it follows
dim pi2p(G/H)⊗Q = ν(lj)− 1, pi2p−1(G/H)⊗Q = 0 .
• For (g, p) = (D2n, 2n) we have ν(ki) = 2, and, for g
′
6= An−1 from (25)
and (27) it follows
dim pi4n(G/H)⊗Q = ν(lj)− 1, pi4n−1(G/H)⊗Q = Q .
• For g = D2n and g
′
= An−1 using (25) and (26) we get
dim pi4n(G/H)⊗Q = ν(lj)− 1, pi4n−1(G/H)⊗Q = 0 .
2. G is of a classical type and rkH < rkG
• Let p = 2k − 1. For g = A2r or g = A2r−1 from Remark 28 it follows
that ρ∗(P2k−1) = 0, what implies δ(z2k−1) = 0. For g = Dr+1, the only
odd exponent can be r + 1 in the case when r is even. Concerning
formula for gΘ in this case, given in the proof of the Proposition 29, we
see that r+ 1 can not be exponent for gΘ. Again using Proposition 13
we get in this case
dim pi2p(G/H)⊗Q = ν(lj), pi2p−1(G/H)⊗Q = Q .
• Let p = 2k be a common exponent for g and g
′′
. From Proposi-
tion 29 we get that ρ∗
t
′′ (t
′′
6= L(H¯0, H¯2, H¯1) for g = A2r) for g of a type
A2r or A2r−1 is given by
ρ∗
t
′′ (P2k) = 2(y
2k
1 + . . .+ y
2k
l ) ,
and therefore δ(z2k) is non-trivial. For g
′′
= A3 and t
′′
= L(H¯0, H¯2, H¯1)
which we may have in the case g = A2r, from (16) we get
ρ∗
t
′′ (P4) = (y1 + y2)
4 + (y1 + y3)
4 + (y2 + y3)
4
and as in a previous such a case it follows that δ(z4) 6= 0.
For g = Dr+1 and 2k 6= r + 1, using Proposition 29 it follows
ρ∗
t
′′ (P2k) = y
2k
1 + . . .+ y
2k
l ,
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and therefore δ(z2k) 6= 0. Since in all these cases ν(ki) = 1, Proposi-
tion 13 implies
dim pi2p(G/H)⊗Q = ν(lj)− 1 pi2p−1(G/H)⊗Q = 0 .
For g = Dr+1 and r + 1 = 2k we have ν(ki) = 2 and Proposition 29
and Remark 28 give δ(z2k) 6= 0 and δ(z
′
2k) = 0. So, we get
dim pi2p(G/H)⊗Q = ν(lj)− 1, pi2p−1(G/H)⊗Q = Q .
3. g = D4 and rkH = 2
Any automorphism of D4 giving this case one can assume to be
generated by the third order automorphism of the Dynkin diagram for
D4, see [7], [9].
Let x1, x2, x3, x4 be the canonical coordinates on t for D4. Then on
any t
′
belonging to this case, (22) implies x4 = 0 and x1 = x2 + x3.
Thus ρ∗
t
′ (P
′
4) = 0 and ρ
∗
t
′ (P4) =
1
4
(ρ∗
t
′ (P2))
2. Only interesting simple
summand is G2 having 6 as a common exponent ( 6= 2) with D4. Since,
for it, ρ∗(P2) and ρ
∗(P6) are functionally independent ( because of
finites of cohomology), it follows that ρ∗(P6) has to contain a Weil
invariant generator Q6 of G2. Thus, δ(z6) 6= 0 and pi12(D4/G2)⊗Q =
pi11(D4/G2)⊗Q = 0.
4. g = G2
There is no generalised symmetric spaces of G2 whose fixed point
subgroup has the exponent 6.
5. g = F4
All exponents of F4 have multiplicity 1. The simple summands in g
′
having the common exponents with g are B3, B4 and C4.
• If g
′′
= B3, then k2 = l3 = 6 and
t
′′
= L(H4, H3, H2) .
From (7) and (11) we get
x1 → 0, x2 → y1, x3 → y2, x4 → y3 .
Using the above formulas we can calculate ρ∗
t
′′ (P6), and, comput-
ing it at the points (1, 0, 0), (1, 1, 0) and (1, 1, 1), we conclude that
it can not be written in the form c1Q
3
2+ c2Q2Q4. Thus, δ(z6) 6= 0
and Proposition 13 implies the Theorem.
• If g
′′
= B4, then k2 = l3 = 6, k3 = l4 = 8 and
t
′′
= L(H0, H4, H3, H2) .
From (7) and (11) it follows
x1 → −y1, x2 → y2, x3 → y3, x4 → y4 .
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We prove that δ(z6) 6= 0 arguing as in the previous case
(the forth coordinate will be zero). To prove that ρ∗
t
′′ (P8) con-
tains Q8, we can just compute ρ
∗
t
′′ (P8) at the points (1, 0, 0, 0),
(1, 1, 0, 0), (1, 1, 1, 0), (1, 1, 1, 1) to conclude that it can not be
written in the form c1Q
4
2 + c2Q
2
2Q4 + c3Q2Q6 + c4Q
2
4. Then from
Proposition 13 the Theorem follows.
• If g
′′
= C3, then k2 = l3 = 6 and
t
′′
= L(H1, H2, H3) .
Using (11) and (8) we get
x1 → y1, x2 → −y1, x3 → y2 + y3, x4 → y2 − y3 .
Computing ρ∗
t
′′ (P6) at the points (1, 0, 0), (1, 1, 0) and (1, 1, 1) we
get that δ(z6) 6= 0.
6. g = E6
All exponents for E6 have multiplicity 1.
a) rkG = rkH
The simple summands in g
′
having the common exponents with E6
are A4, A5, D4 and D5.
• If g
′′
= A4, then k2 = l4 = 5,
t
′′
= L(H1, H2, H3, H4) ,
and by (12) and (6) we get
xi → yi, 1 ≤ i ≤ 5, x6, ε→ 0 .
Any other case for g
′′
= A4 is conjugate to this one by an auto-
morphism of the Kac-Dynkin diagram E
(1)
6 .
Using the above formulas we get
ρ∗
t
′′ (P5) = 2
5∑
i=1
y5i −
4∑
1≤i<j≤5
(yi + yj)
5 ,
We need to prove that the expression for ρ∗
t
′′ (P5) via the gen-
erators of the Weil invariants for A4 contains Q5. Let us con-
sider polynomial Q = c · Q2Q3. Then ρ
∗
t
′′ (P5)(1, 0, 0, 0, 0) = −2,
ρ∗
t
′′ (P5)(1, 1, 0, 0, 0) = −34, whileQ(1, 0, 0, 0, 0) = c, Q(1, 0, 0, 0, 0) =
4c, what implies that ρ∗
t
′′ (P5) can not be written in the form
c · Q2Q3. Thus, δ(z5) 6= 0, what by Proposition 13 proves the
the Theorem in this case.
• If g
′′
= A5 then k2 = l4 = 5 and k3 = l5 = 6 and,
t
′′
= L(H1, H2, H3, H4, H5) ,
up to conjugation.
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Then (6) and (12) implies
xi → yi, 1 ≤ i ≤ 6, ε→ 0 .
To prove that δ(z5) 6= 0 we argue as in the previous case. Now,
ρ∗
t
′′ (P6) = 2
∑6
i=1 y
6
i +
∑
1≤i<j≤6(yi+yj)
6, and computing its values
at the points (1, 0, 0, 0, 0, 0), (1, 1, 0, 0, 0, 0) and (1, 1, 1, 0, 0, 0), we
conclude that it can not be written in the form c1Q
3
2 + c2Q2Q4 +
c3Q
2
3. Thus, δ(z6) 6= 0.
• If g
′′
= D4, then k3 = l3 = 6,
t
′′
= L(H2, H3, H4, H6) ,
and (12) and (9) implies
x1 → −y, x2 → y1 − y, x3 → y2 − y,
x4 → y3 − y, x5 → y4 − y, x6 → y, ε→ y ,
where y = 1
4
∑4
i=1 yi. Using the above formulas, we can calculate
ρ∗
t
′′ (P6) at the points (1, 0, 0, 0), (1, 1, 0, 0), (1, 1, 1, 1) and conclude
that it can not be written in the form c1Q
3
2+ c2Q2Q4, i.e., δ(z6) 6=
0.
• If g
′′
= D5, then k2 = l5 = 5, k3 = l3 = 6, k4 = l4 = 8,
t
′′
= L(H1, H2, H3, H4, H6) ,
and we have
x1 → y1 − y, x2 → y2 − y, x3 → y3 − y ,
x4 → y4 − y, x5 → y5 − y, x6 → y, ε→ y ,
where y = 1
4
∑5
i=1 yi. Any other case for g
′′
= D5 is conjugate
to this one by an automorphism of the Kac-Dynkin diagram E
(1)
6 .
Since l5 = 5 is the only odd exponent forD5, obviously, δ(z5) = 0 if
and only if ρ∗
t
′′ (P5) = 0. Using the above formulas it is easy to con-
clude that ρ∗
t
′′ (P5) 6= 0. We prove that δ(z6) 6= 0 as in the previous
case. For P8, calculating its restriction at the points (1, 0, 0, 0, 0),
(1, 1, 0, 0, 0), (1, 1, 1, 0, 0) and (1, 1, 1, 1, 0), we get that ρ∗
t
′′ (P8) can
not be written in the form c1Q
4
2 + c2Q
2
2Q4 + c3Q2Q6 + c4Q
2
4, and
thus δ(z8) 6= 0.
b) rkH < rkG
The simple summands in g
′
having the common exponents with E6
are F4, B3, C3 and C4. We will use here the generators of the Weil in-
variant polynomial algebra for E6 in the form (34). By straightforward
calculation we get the following.
28 S. TERZIC´
- If g
′′
= B3, then k3 = l3 = 6,
t
′′
= L(H¯4, H¯3, H¯2) ,
and using (24) and (7) we get
a1 → 0, a2 →
1
2
(y1 + y2 + y3), a3 →
1
2
(y1 + y2 − y3) ,
a4 →
1
2
(y1 − y2 + y3), a5 →
1
2
(y1 − y2 − y3), a6 → y1 .
If we calculate the restriction of I6 on t
′′
at the points (1, 0, 0),
(1, 1, 0), (1, 1, 1) we can easily see that it can not be written in
the form c1Q
3
1 + c2Q1Q2. Thus, δ(z6) 6= 0.
- If g
′′
= C3, then k3 = l3 = 6,
t
′′
= L(H¯1, H¯2, H¯3) ,
and using (24) and (8) we get :
a1 → y1, a2 → y2, a3 → y3 ,
a4 → −y3, a5 → −y2, a6 → −y1 .
Computing ρ∗
t
′′ (I6) at the points (1, 0, 0), (1, 1, 0) and (1, 1, 1)
we conclude that it can not be written in the form c1Q
3
1+c2Q1Q2.
- If g
′′
= C4, then k3 = l3 = 6 and k4 = l4 = 8,
t
′′
= L(H¯0, H¯1, H¯2, H¯3) ,
and for the forms given in 34 we get
a1 → −y1 + y2, a2 → −y1 + y3, a3 → −y1 + y4 ,
a4 → −y1 − y4, a5 → −y1 − y3, a6 → −y1 − y2 .
As in the previous cases we can easily show that ρ∗
t
′′ (I6), ρ
∗
t
′′ (I8)
contain Q6 and Q8 (respectively) as the linear parts.
- For g
′
= F4, in [23] is proved that H
∗(E6/F4) = ∧(z5, z7). Thus,
the Cartan-Serre theorem proves that the Theorem is true.
7. All generalised symmetric algebras with g = E7 and g = E8
are of the first category. Concerning the exponents for E7 and E8 the
interesting cases for g
′′
we need to consider are A7, A6, A5, D6, D5,
D4, E6 for E7 and A8, A7, D8, D7, D6, D5, E7, E6 for E8. Using
the generators of the Weil invariant polynomial algebras for E7 and E8
given in [15], the proof goes in the same way as in the previous cases.
Being technical in its nature we omit it here.
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In particular, Theorem 23, which we just proved, gives us the ra-
tional homotopy groups of an irreducible simply connected compact
symmetric spaces. We list them in Appendix A that follows.
Remark 30. For the spaces denoted in the table by (†) we assume that
k ≤ n+1
2
. For those denoted by (‡) we assume that k ≤ n
2
, and by (⋄)
that k ≤ n−1
2
.
Remark 31. Note that, except in the cases denoted in the table by (⋆)
for k even, by (◦) for n−k even and by both for k = n
2
, the dimensions
of all non-trivial rational homotopy groups are 1. The dimension is 2
in the following cases.
- Denoted by(⋆) for k even and k 6= n
2
;
- Denoted by (◦) for n− k even and k 6= n
2
;
- For k odd and k = n
2
.
For k even and k = n
2
, it is 3.
30 S. TERZIC´
Appendix A. Rational homotopy groups of irreducible simply
connected compact symmetric spaces
M Non-trivial piq ⊗Q
SU(2n+ 1)/SO(2n + 1) q = 2p − 1 p = 3, 5, . . . , 2n + 1
SU(2n)/SO(2n)
q = 2n
q = 2p − 1 p = 3, . . . , 2n − 1, 2n
SU(2n)/Sp(n) q = 2p − 1 p = 3, 5, . . . , 2n − 1
†U(n+ 1)/U(k) × U(n− k + 1)
q = 2p p = 1, 2, . . . , k
q = 2p − 1 p = n− k + 2, . . . , n+ 1
SO(2n+ 1)/SO(2) × SO(2n − 1) q = 2, 4n − 1
†SO(2n + 1)/SO(2k) × SO(2n + 1− 2k)
q = 2k⋆
q = 4p p = 1, . . . , k − 1
q = 4p − 1 p = n− k + 1, . . . , n
SO(2n+ 1)/SO(2n) = S2n
q = 2n
q = 4n− 1
Sp(n)/U(n)
q = 2p p = 1, 3, . . . , 2[n−12 ] + 1
q = 4p − 1 p = [n2 ] + 1 . . . , n
‡Sp(n)/Sp(k) × Sp(n− k)
q = 4p p = 1, . . . , k
q = 4p − 1 p = n− k + 1, . . . , n
SO(2n)/SO(2) × SO(2n− 2) q = 2, 2n − 2, 4n − 5, 2n − 1
‡SO(2n)/SO(2k) × SO(2n− 2k)
q = 2k⋆, 2n − 2k◦, 2n − 1
q = 4p p = 1, 2, . . . , k − 1
q = 4p − 1 p = n− k, . . . , n − 1
⋄SO(2n)/SO(2k + 1)× SO(2n − 2k − 1)
q = 2n− 1
q = 4p p = 1, . . . , k
q = 4p − 1 p = n− k, . . . , n − 1
SO(2n)/SO(2n − 1) = S2n−1 q = 2n− 1
SO(2n)/U(n)
q = 2p p = 1, 3, 5, . . . , 2[n−12 ] + 1
q = 4p − 1 p = [n2 ] + 1, . . . , n− 1
G2/SO(4) q = 8, 11
F4/SU(2) · Sp(3) q = 4, 8, 15, 23
F4/Spin(9) q = 8, 23
E6/PSp(4) q = 8, 9, 17, 23
E6/F4 q = 9, 17
E6/SU(2) · SU(6) q = 4, 6, 8, 14, 15, 17, 23
AdE6/T
1 · Spin(10) q = 2, 8, 17, 23
E7/SU
∗(8) q = 6, 8, 10, 14, 19, 23, 27, 35
E7/SU(2) · Spin(12) q = 4, 8, 12, 23, 27, 35
AdE7/T
1 ·E6 q = 2, 10, 18, 19, 27, 35
E8/SO(16) q = 8, 12, 16, 20, 35, 39, 47, 59
E8/SU(2) · E7 q = 4, 12, 20, 39, 47, 59
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Appendix B. Generators of the Weil invariant polynomial
algebras for the simple compact Lie algebras
• g = An, (n ≥ 1)
Pk =
n+1∑
i=1
xki , k = 2, 3, 4, . . . , n + 1 (
n+1∑
i=1
xi = 0) ;(28)
• g = Bn, (n ≥ 2), g = Cn, (n ≥ 3)
Pk =
n∑
i=1
xki , k = 2, 4, 6, . . . , 2n ;(29)
• g = Dn, (n ≥ 4)
Pk =
n∑
i=1
xki , k = 2, 4, . . . , 2n − 2 P
′
n = x1 · · · xn ;(30)
• g = G2
P2 = 2
3∑
j=1
x2j , P6 = 2
3∑
j=1
x6j (
3∑
i=1
xi = 0) ;(31)
• g = F4
Pk =
4∑
i=1
(±xi)
k + {
1
2
(±x1 ± x2 ± x3 ± x4)}
k, k = 2, 6, 8, 12(32)
• g = E6
Standard generators [3]:
Pk =
6∑
i=1
(xi ± ε)
k +
∑
1≤i<j≤6
(−xi − xj)
k k = 2, 5, 6, 8, 9, 12 .(33)
Generators given in [23]:
Ik =
1
2
(
6∑
i=1
aki +
6∑
i=1
bki +
6∑
i,j=1
ckij) k = 2, 5, 6, 8, 9, 12 ,(34)
where ai, bi and cij are given by
ai = xi +
1
2
6∑
i=1
xi, bi = xi −
2
3
6∑
i=1
xi, 1 ≤ i ≤ 6 ,
cij = −xi − xj +
1
2
6∑
i=1
xi, 1 ≤ i < j ≤ 6 .
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Expressions for the generators of the Weil invariant polynomial algebras
for E7 and E8 are technically complicated and we omit them here.
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